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15 Lecture 15. Siegel and KAM

There is almost no hope to solve celestial n (n > 2) body problem analytically in
closed forms, the only remaining analytic hope is perturbative. Perturbative ap-
proaches generally have a grave difficulty called the small divisor problem. If the
unperturbed periodic orbit is sufficiently ‘irrational’ (the Diophantine condition),
this difficulty may be overcome. How to do this systematically is the key issue and
is the core of its solution is proposed by Kolmogorov.

Here, (1) we consider perturbation around a center: when are the majority of
invariant periodic orbits survive? [Poincaré-Siegel problem], then go to (2) the
Kolmogorov-Arnold-Moser (KAM) theorem, asserting the survival of numerous in-
variant tori under perturbation. (1) is given with full demonstration details to taste
the strategy used in (2). (2) is complicated, so only an outline of the demonstration
is given.

15.1 Perturbative solution of motion

We know what we mean by solving the motion of a Hamiltonian system. It is to
devise a smooth canonical transformation that ‘linearizes the equation of motion (see
11.1). What happens if the system is not solvable in the sense we already discussed?
If the nonlinear part of the dynamics is small (only a perturbation), a natural idea
is to construct a transformation near identity to get rid of this nonlinearity. This is
the basic idea of perturbation. Especially because the results due to Poincare and
others (14.7, 14.8) that (almost) dashed the hope of solving celestial mechanics by
quadrature, we desperately need perturbative approaches.

If we try to implement this strategy, we almost immediately encounter a grave
difficulty called the problem of small divisors. Thus, first let us taste the difficulty
and how to overcome it with a ‘simple’’®® complex map problem: Find z — y that
can linearize the original ODE in terms of x that has small nonlinear term g (that
is dg/dx|z:0 = O)

Tt=Ar +g(x) = y= Ay, (15.1)

where A is a diagonal matrix (for simplicity). This is the famous Poincaré-Siegel
linearization problem (answers are 15.8 and 15.12).

153The map problem is simple, but the solution is anything but simple as you will see.
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15.2 Formal linearization around singular point
Consider an ode (if needed let us complexify it 4.7)

T = f(x), (15.2)
where x € R™ and f is real analytic with f(0) = 0. The linear term is assumed to
be diagonalized as Az, where A = [y, -+, ay).

Let us consider the formal power series transformation
r=uly) =y +u’(y) + - +uty) +--, (15.3)
where u* is a degree & homogeneous polynomial of y. (15.2) reads componentwisely
as
iy = agri+ Yy [k (15.4)
|k|>2

We have used the Hadamard notation.'” (15.3) reads in this notation

Ty =y + Z uly”. (15.5)
|k|>2

15.3 Formal transformation to the second order
If we solve (15.3) of (15.5) for y we obtain

= — Z u; - (15.6)
k[ =2

Here the higher order terms are very complicated and are suppressed. The original
ODE in terms of y can be obtained by differentiating this as'®®

. 15 6 .
U; ) Z u (k- a)z® + - (15.7)
|k|=2
154 (Hadamard notation)) For x = (z1,---,7,) and a = (ag, -+, qp), 2% = IT-, xjo” Also

we write for k = (ki,---,kn) € N, kl = [[_, k;l. Very often |k| = 35, k;. If f: R" — R and
differentiable, the multivariate Taylor expansion reads

1 dk
)= X @)
keNn

kj kj—1
155 qpk = A3 ;7)) = 32 kiduy(x) ) = 32, ajask ( “Hdt = > k() )dt (a - k)zkdt.
More formally, do* = (k - dx)z*~! = (Ak)x".
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(15.4) Z%x] n Z fru Zuf(k?@)xk"' (15.8)

|k|=2 |k|=2
(125) Zaj y; + Z u; + Z ffyk - Z uf(k ca)yF 4+ (15.9)
|k|=2 |k|=2 |k|=2
= Zajy]—i— Z aju + fk—u (k- a)]y + - (15.10)
|k|=2
— Zozjyj—i— S A+ a)ubbyf + - (15.11)
|k|=2
Therefore, if we can set
ui = fF(k-a— o), (15.12)

the second order terms have been eliminated. For this to be possible we need a
non-resonance condition for |k| = 2

a —k-a#0. (15.13)

15.4 Non-resonance condition
As we will see the non-resonance condition is crucial, so let us state the condition
clearly:

For o € C™ If the following set I'(«) = ), we say « is non-resonant:

Ie)={je{l,2,---,n}, keN"|aj —k-a =0} (15.14)

15.5 Formal transformation to order k
Replacing ‘2’ with K in (15.5) as

T =1y; + Z u?yk+--~, (15.15)
k=K
we can repeat the computation in 15.3 to get the following instead of (15.11)

chﬁ oo > [ oy (ko) ut] gt (15.16)

2<|k|<K |k|=K
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Therefore, under the non-resonance condition (15.13), we can eliminate the order K
terms.

Notice that in (15.15) --- terms are not needed. Thus we can get the following
obvious theorem:

15.6 Finite order elimination of nonlinear terms
For any M € NT we can make a polynomial transformation of order M

r=uly) =y +u’(y) +-- +u(y) (15.17)

such that the original ODE (15.2) with the non-resonance condition 15.4 can be
transformed into the following form:

=y + Y ghy (15.18)
|k|>M

15.7 What happens if |k| is very large?
If |k| is very large, then a; — k - o can be very close to zero (imagine a lattice and
then try to draw a line not hitting any lattice point).

A

>
>

Figure 15.1: Suppose a3 > 0 and as < 0. ajk; + azks = 0 (red line) can be very close to a
positive integer lattice points for large |k| even if a1 /as € Q. In this case Poincaré’s condition is
trivially violated.

Thus, non-resonance alone cannot guarantee that ui: is of manageable size. Poincaré
proved that if the convex hull of {«ay, -, a,} does not contain the origin on the
complex plane, and if « satisfies the non-resonance condition, then we can iterate
the procedure in 15.6 indefinitely. That is,

15.8 Poincaré’s lemma
For an ODE with the linear portion diagonalized and the nonlinear part denoted as
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&= Az + g(x), (15.19)

if the convex hull of the eigenvalues do not contain the origin, and the non-resonance
condition is satisfied, then there is an analytic transformation = = y + u(y) with
du/dy|,—o = 0 such that

= Ay. (15.20)

Its proof is through an ‘honest’ construction of the majorizing series that is con-
vergent (tedious but straightforward).

15.9 Significance of the convex hull condition
Let ay, -+, a, € C and its convex hull [ay, - - -, a,,] does not contain the origin. Then,
for any « in this convex hull there is § > 0 such that |k - «| > 0|k| for any k € N".
Thus, what we worried in 15.7 never happens.
This is easy to see. Consider a unit vector k/|k|. Then |k - «|/|k| is the length
of the projection of the vector (ay,---,a,) onto k/|k|. Thus, this cannot be smaller
than the distance between [ay, - -+, ] and the origin.

15.10 What happens if Poincare condition fails?
Siegel demonstrated the following theorem:
Theorem [Siegel| For
&= Az + f(x), (15.21)

where (as above) A = [ay,- -+, ,] is diagonal and f is analytic and f’(0) = 0. If
there is v > 0 such that for any k € Z" (|k| # 0)
k- af > ~|k|™", (15.22)

then (15.21) is analytically transformed to y = Ay.

Notice (see 15.11) that {ay,---,a,} satisfying (15.22) is with full measure (ex-
ception is measure zero) wrt the usual Lebesgue measure m on R?*" when we identify
C" with R?",

15.11 Diophantine approximation
Lemma. For almost all o € C"'% we can take a positive number ~ such that for all

156This means: regarding o as a 2n-real vector, it is almost sure with respect to the Lebesgue
measure m on R?".
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ke zn (k| #0)
Ik - al > ~/|k|". (15.23)

[Demo]

Choose an arbitrary R > 0. Consider the totality 3, of o for which (15.23) does not
hold (i.e., (15.23) is untrue for any choice of v > 0) and |o;| < R for i € {1,---,n}.
To estimate m(2,) we consider the condition for a:

kol </[k]" (15.24)

for each shell of k: K < |k| < K + 1; it is an n — 1-sphere of radius K with shell
thickness 1. There are ~ (2K)"! vectors. For each such k, the projection of «
must be smaller than ~ 1/K"*! according to (15.24), so the a must be in the slab
of thickness ~ 2v/K""! perpendicular to k and the remaining n — 1 dimensions are
with span 2R. Thus, the total number of « satisfying (15.24) for |k| ~ K is bounded
by

~ (K)" x 2y/K" x (2R)"! = C(R)y/K?, (15.25)
where C'(R) is an R dependent constant. Thus, we have an upper bound
m(%,) < C(R)y Y K2 (15.26)
K

Therefore, the infimum of this wrt v is zero. Since R is arbitrary, we have shown the
lemma.

Figure 15.2: (15.25) illustrated

15.12 Siegel’s stability theorem for conformal maps
We should continue to study the ODE considered by Poincaré, but here, we go to a
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simpler problem with the same difficulty.'®”

Let S : C — C be defined as z — f(2):
f(z) =Xz +g(2), (15.27)

where X # 0, g(0) = 0 which is holomorphic in z < r

We say the origin is stable for the system S, if and only if for any neighborhood
of the origin U, there is a neighborhood of the origin V' C U such that S*V C U for
all n € Z.

Siegel proved:
Theorem: If [A\] = 1 and [A\ — 1|7! < Cyq? for Cy > 0 and for any ¢ € N* (the
Diophantine condition), then S is stable.

15.13 Strategy to demonstrate Siegel’s theorem

The strategy of the proof here (due to Moser) following Kolmogorov’s idea is as fol-
lows:

First we show

Lemma: S is stable iff

(1) [A[ =1,

(2) There is a holomorphy u in a neighborhood of the origin such that limy.| o u(z)/z —
1 (asymptotically an identity) and

u(A¢) = f(u(Q)). (15.28)

That is, the variable change due to z = u({) converts the original into A(:

2 f(2)

UT "T (15.29)

C—— AC.

Thus, the theorem requires to solve (15.28). Instead of solving this, that is,

u(A¢) = Au(¢) + g(u(C)) (15.30)
at once, we solve a partially linearized version:
ur(AG) = Aur(€) + 9(C). (15.31)

157Polya said: if you cannot understand a problem, there must be a simpler problem you cannot
understand. Find it.
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This u; cannot render the original equation to A(; even if z = u;((;); actually,

w (A +2W(G)) = fAu (G))- (15.32)

That is,
2 —— f(2)

uT ol (15.33)

G —— A+ 2W(G).

Rewrite the original equation in terms of the new variable (; = u;(2). The nonlinear
term is reduced. That is, if g < ¢, then, roughly speaking, |®()| < 2. Repeating

this procedure rapidly decreases the size of the nonlinear term.

> . (15.34)

Thus, w = ++- 01U, OUy_1 00Uy O U.

15.14 Preparatory lemma
S : C — Cisstable iff for YU neighborhood of z = 0 there is a simply connected
neighborhood V' (C U) of origin such that SV = V.

[Demo| < Trivial.
= According to the definition of stability AW € S"W C U for Vn € Z. Define

V = UpezS™W. (15.35)

Take a connected component V of V containing z = 0. Then, any curve C
connecting any point in V' and the origin inside V satisfies S"C' C V (i.e,,
different connected components do not map between them by S). Therefore,
SV =V.

If V' is not simply connected, repeat the above procedure all over starting
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from a smaller U. Suppose the resultant V' is not simply connected even if U
is very small. This, however, contradicts the assumption that S is holomorphic
around z = 0, because there must be a neighborhood on which S looks very
close to a rigid rotation (= linearized version). Thus, we can get the desired

V.

15.15 Poof of Lemma in 15.13

Our key lemma already mentioned in 15.13 is:

Lemma: S is stable iff

(1) [A[ =1

(2) There is a holomorphy u in a neighborhood of the origin such that limy.| o u(z)/z —
1 (asymptotically an identity) and

u(A¢) = f(u(Q)). (15.36)

[Demo)]

<« is obvious. Take a small disk D and u(D) = V.

= According to the preparatory lemma 15.14, stability implies the existence
of V€ SV =V 30, where V is simply connected (i.e., topologically equivalent
to a disk). Then the Riemann mapping theorem guarantees the existence of a
conformal map w from V' to a disk D of radius p such that «(0) = 0 and

u(C) =C+ bl +---. (15.37)
u o Sowu:D — D must be a rigid rotation of D, so there is u (Ju| = 1) and
u o Sou(l) = puc. (15.38)

p=A so |\ =1
Now, we can start the strategy outlined in 15.13.

15.16 If g is small, u;(z) — z must be small
If g, which satisfies g(0) = ¢’(0) = 0, in (15.27) is small in a neighborhood of
the origin, u; constructed as an approximation to u should not be very far from
the identity. This is shown in the Lemma below.
More precisely,
Lemma: Let g be holomorphic on a disk |¢| < r and |g| < ¢ with g(0) =
¢'(0) = 0. Define u; as the solution to

u1(AC) = Au(C) + g(ur(Q))- (15.39)
Then, u; is holomorphic in |¢| < and on |¢| < (1 —6) (6 € (0,1))
[ur (¢) = ¢I < 2Coe /87, (15.40)
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where () is a positive constant.

Technically, to show that u,, are all close to identity, we must show ®(™ are all small.
Tt is more convenient to show that w; solving (15.39) should not be very far from the
identity, if ¢, instead of g, is small. This is given as a corollary 15.17.

[Demo of Lemma)
Since ¢ is holomorphic in |(| < r, we can expand it as

9() = ot (15.41)

k>2

with |gr| < &/r* (the Cauchy bound). Let us formally expand u; as
uy = C + Z uCr. (15.42)
k>2
Putting this into (15.39), we obtain
Y ur[(AO)F =AM = g™ (15.43)
k>2 k>2

Thus, we must solve

N = Nug = gy (15.44)

That is (notice that we potentially have a small denominator difficulty, which
is overcome by the Diophantine condition),

up = gr/[NF = A (15.45)

We can show that u; is well defined and its deviation from the identity is
bounded by e by an explicit calculation as follows.

ur(Q) = ¢l = DN =N gl <IN 1T gilI¢]F (15.46)
k>2 E>2
< > Colk—1)%er™[¢F <> Co(k — 1)%(1 — 0)*(15.47)
k>2 k>2

where we have used the Cauchy bound for g, and the Diophantine condition.
Notice that

gz Lo, & )
> (k=1 NdeZ:I: ~ ~(1—2)7, (15.48)

dz?1 —=x
E>2
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so (set z =1 — 6 to use this identity)
lu1(¢) — ¢| < eaCy/6?, (15.49)

where « is a positive constant (which can be chosen as 2 with a bit more de-
tailed calculation).

15.17 If ¢’ is small, u;(z) — z must be small
If g, which satisfies g(0) = ¢/(0) = 0, in (15.27) and if its derivative ¢’ is small in
a neighborhood of the origin, u; constructed as an approximation to u should
not be very far from the identity.

More precisely,
Lemma: Let g be holomorphic on a disk |¢| < r and |¢'| < e with g(0) =
¢'(0) = 0. Define u; as the solution to

ur(A) = Au(€) + g(ur (0)) (15.50)
Then, u; is holomorphic in |(| < 7 and in |(| < (1 —0) (6 € (0,1))
|ur () — €| < 2Cper/6?, (15.51)

where () is a positive constant.

[Demo]

This should not be hard to guess, since |g| must be of order r x |¢/| < re. A
formal demonstration may be as follows. From (15.50) we get

Aup(AQ) = Aui (€) + ¢'(C)- (15.52)
Let v = Cu}(¢). We have

Ao(AQ) = M (C) + ¢4 (€)- (15.53)

Since |(¢'(¢)| < €[¢] in || < r, the lemma in 15.16 tells us that in || < r(1—6)
[0(¢) — ¢| < 2C[¢|/6°. (15.54)

That is,
lu) — 1] < 2Coe /6. (15.55)

/ (o~ 1)dc

Thus,

luy — ¢| = < 2Cyre/0°. (15.56)
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15.18 (15.34) is a commutative diagram
To construct v we must be able to show that all the ‘squares’ in (15.34)
must commute. That is, for example, u; and u;' must be well defined in a
neighborhood of the origin. We have already shown that u; is well defined in
I¢] <r(1—0).

To demonstrate u; ' is well-defined, we show that u; () is topologically the
same as (. To show this we use Rouche’s theorem:!*®
Lemma. Choose € small enough to satisfy for 6 € (0,1/4)

2C)e < 0*. (15.57)
Then, u;! is well defined in |z| < r(1 — 26) and
up ({2 ]]2l < r(1=20)}) C{CI¢] <r(1—0)} (15.58)

[Demo]

(15.57) and (15.56) tells us that for v(¢) = w1 (¢) — ¢
0(Q)| < 6. (15.59)
If || < r(1 —260) and |¢| < r(1 — 6), then this implies that
(O] < <=2 < 1¢ =2l (15.60)

Since || = 1, this implies that the equations A\ + v({) = u1({) = z and { = 2
have the same zeros. Thus, u; ' is well defined in |z| < r(1 —26) and its image
is in |¢| < (1 —0).

15.19 S; is well defined close to the origin

We can show

Lemma: S;(¢) = u;'o fou, = A + ®W(¢) in (15.34) is well defined in
IC] <r(1—40)ife < 6.

[Demo)]

Since [f[ < |¢[ +[g] and |g] < e, if || <e

[f1 < ISI+ gl < I¢+re < ¢+ 70, (15.61)

because we assume € < 6.
The image of f must be in the domain of uj’, i.e., |z| < r(1—26). Therefore,

158 (Rouche’s theorem)) Let D be a simply connected open set. Suppose f and g are non-

constant holomorphic functions on [D] (closure), and |f| > |g| on 0D. Then, the number of zeros
of f and f + g agree in D.



174

the domain of f must be restricted to |z| < r(1 — 36). Then, (15.58) implies
that the domain of u; must be restricted to || < r(1 — 46).

15.20 ™ is small and we can iterate the above argument indefi-
nitely
If we can show that &) is sufficiently small, we can repeat the above argument
for uy, and ad infinitum. We can show (we wish to use an analogue of 15.17
to show that us is close to identity)

Lemma: [®0'(¢)] < C1¢2/6*, where €y < 3C, in |¢| > r(1 — 50) with

0<e<b<1/5.
[Demo)]
w(AC+ W) = flur) = M (¢) + g(w), (15.62)
so (recall v = uy — ¢ and v(AC) = Av(() + g(\())
A+ W (A + W) = X+ Mo(C) + g(AC + v(0)). (15.63)
Therefore,
O = Mw(Q) = v(A¢ + @) + g(AC +v(C)), (15.64)
but Av(¢) = v(A) — g(A() gives
O = v(A() = v(AC+ B + g(AC + v(Q)) = 9(AQ). (15.65)

Using the mean value theorem

[0(A0) —0(AC+ED)| < sup [o/| sup [8V] < 220

1
sup || < @sup |d! ]<Ssup|<I> ).

63
(15.66)
From this and (15.65)
o] < = 7 sup |® DI+ 19(A¢ + () = 9(AQ)| (15.67)
or A
= sup |20 < sup |g(AC + v(¢)) = 9(AQ)]: (15.68)
Again we use the mean-value theorem
4 2C,
gsup|<I>(1)\ < sup|g|sup |v(¢)| < e 606 : (15.69)
Thus we get for |¢| < r(1 — 40)
2
sup [p] < 2E05, (15.70)

203
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Its derivative may be estimated following Cauchy in a somewhat smaller domain
I¢] < r(1—50) as
100 (¢)] < Cy%/6". (15.71)

15.21 Summary of a recursion step
Thus we have completely constructed the single step for the recursion scheme
((15.33) realized) [Please ignore strange arrowheads at the ends of the formulas]

2 —5 5 Az +g(2) 1J ()] <ein|z| <7
ul]\ ul]\
G —2 MG+ PD(G) 1D ()] < C1e2/6* in |¢] < r(1 — 56). «
(15.72)
or more generally
G —2 A + 2 (C) |20 (Ga)] < &0 i [Gal < 7 x
un+1T “n+11\
G2 At 4 DD (Gu) [T (Cp1)| < Crel /03 = ensr in [Gupa| < rp(1—560,) = rpgr. «
(15.73)

15.22 Convergence of the recursive transformations
For the recursive transformations to converge we must at least demand ¢, — 0
and r, = 7o > 0. Thus, >_ 6, must be convergent. Moreover,

U, =Up,0U,_10 01U (15.74)
must be uniformly convergent in |(| < r. Or equivalently
U =w,ul, - -uj (15.75)

must be uniformly convergent. Since
U < T+, (15.76)
k=1

if

STl <> e, (15.77)
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converges, we are done!
Thus the requirements are

Y en < oo, (15.78)
d 0, < (15.79)

with 0 < g, < 6, < 1/5. This is satisfied if we choose 6,, = (1/5)c™" for ¢ > 1.
Indeed,

C C
Ent1 = 9—415721 = Flc‘mei < Cytie? (15.80)

Define ¢, = C"*2¢,. Then €/, ., < (¢},)?, so choose g < 1 and all the require-
ments for 6,, are met.

15.23 Setup of the simplest version of KAM theorem
Let H(0,1I,¢) be a near integrable Hamiltonian; for e = 0

Ho(I) = H(0,1,0). (15.81)

That is, I is invariant, and determines an invariant 7" as asserted by the Liouville-
Arnold theorem. We wish to see whether the invariant 7™ with I = I, survives the
perturbation. Since we may add any constant to I, we choose Iy = 0. We consider
I close to Iy = 0: B = {I||I| < b} for some small b > 0. We assume H (0,1, ¢) is
holomorphic on M x (—&g,g9).  We write the zeroth and the first order terms as

H(0,1,0)=E+w-1+Q(I), (15.82)

where @ = O[I?] in the I — 0 limit.
We assume
(1) w satisfies a Diophantine condition 15.11

(67

k- w| >
||

(15.83)
with 7 > n — 1.

(2) H(0,1,0) is non-degenerate in the sense that det(9*Q/01,01;) # 0.

15.24 KAM theorem
With the setup 15.23 there is a holomorphic canonical transformation ¢ : T™ x
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B* X (—€4,64) = M, where B* C B and 0 < e, < g, such that the canonical
transformation (0, I) — (0',1') transforms H (0,1, ¢) as

KO, I'e) =B (&) +w-I'+ Q.0 1,¢), (15.84)

where @, = O[] in the I’ — 0 limit. Here, ¢ is an identity for & = 0.

This implies that the canonical equation of motion reads

do’ 0K 0Q),
@& " oor YT (15.85)
dr oK 00,

Notice that the derivatives of Q, for I’ = 0 vanish because Q. = O[I’?]. This means
that the ‘holomorphically deformed’ I = 0 torus survives and the motion on it is just
the original (almost) periodic flows. This torus is called a KAM torus.

15.25 Strategy of proof of KAM
The idea is just as explained for Siegel’s theorem. Let the perturbed Hamiltonian
reads
H=Hy+¢eP -0, (15.87)

where Hy = Ey + wl + Q(I) with Q = O[[?].
We construct a canonical transformation ¢y : (6,1) — (#',I") such that

H =Ho¢, =K, + %P, (15.88)

where
K :E1(€)+w]/+Q1(9/,I/75)7 (1589)

with Ql = 0[1/2]

This is accomplished by removing the #-dependent constant portion and the first
order in I of Py of order € choosing ¢;.

If we repeat the same strategy, we get

Hy=Hyo¢y = Ky +£'Py. (15.90)

Of course we must show that ¢, o--- 0 ¢y 0 ¢; converges.
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15.26 Canonical transformation that can remove Ole| terms
We introduce (0, 1) — (0',I') with the generator G(6,1")

dG = 1d0 + 0'dl’ + (K — H)dt, (15.91)
but G(#, ') is time independent, so K = H(I(¢',1'),0(0',1")).

We wish to remove I’-independent 6" dependence (to keep I’ invariant) and the
O[I'] terms that cannot be written as w- 1" to order e. We assume the following form:

I = g—j = I'+28(0,1), (15.92)
, 0G
0 = T 0+ ca(6). (15.93)

If € is sufficiently small, we can invert the second equation as
0=p(,e). (15.94)

Thus we may set (b is a constant vector)

G=0-T'+¢[0-b+s(0)+a(f) I'] (15.95)
We see that 3 5
AN . _a !
B0, I =b+ 898(9) + 06[' (15.96)

Notice that we can choose s and a integration over 7™ to vanish (by subtracting
appropriate constants tat we can ignore from G).

15.27 Transformation of Hamiltonian
Let us write

H(O,1,6)=H(0,1,0)+cP(O,1,e)=E+w-I4+Q(I)+eP(0,1,¢). (15.97)
First, we change I — I

H(0,1,e) = H(,I'+e5(0,1'),¢) (15.98)
= E4+w-I'+Q0,I')+¢ w-5+%ﬁ+1)(9,1@0) + 2P0, 1),

(15.99)
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where P’ denotes all the remaining terms.
Since we do not care for O[I"?], but we wish to rewrite the rest of O[] as constant.
Let us expand Ole] in powers of I”:

662 ’ . 0s 8@ da / /
w - 6+Wﬁ+P(91 0) = (b+69+801) B <b+89+801 + P(6,1',0)
(15.100)
= w-(b+ 29)+P(9 0,0) (15.101)
da ds 0?°Q OP Iz ”
+ [w %HZH%)M/I/JFﬁ} + O[] (15.102)

15.28 Removing #-dependence from energy
The I’ independent term in (15.102) is

w-b+ D,s(0) + P(6,0,0), (15.103)

where 5
D, = — 15.104
=W g (15.104)

Therefore, to remove the 6 dependence, we must choose s so that
w-b+ D,s(0)+ P(0,0,0) =w-b+ Py (15.105)
where P, is the average value of P(6,0,0). Thus, we must solve
D,s(0) = —(P(0,0,0) — Py), (15.106)

or we must show the well-definedness of D_!. Here, we encounter the small devisor
problem.

As shown below 15.31-15.33, since the average of P(6,0,0)— P, over T™ vanishes,
s is well-defined.

15.29 Removing the O[I’] term
We wish to eliminate

ds. Q9P

Doav b+ 59) om0 + ar

(15.107)
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Since we wish to determine a the average of the terms other than D + wa over T
must vanish. First, we choose b to satisfy this condition. This is possible due to the
non-degeneracy condition (Hess # 0). Then, a can be computed just as s

15.30 Full transformation
The remaining task is to replace 6 in H(0,I' +¢5(6,1'),¢) with 0" (see (15.94)).

15.31 Well-definedness of D_1 formal solution
We wish to solve 8
U

Dyu = = f. (15.108)

To solve this formally, v and f are Fourler expanded as
0)= > we™, f(O) =) fre™, (15.109)
keRn keR™

where

1
@) Jon
Therefore, (15.108) gives

1

@ .. o f(6)e ™. (15.110)

dou ( ) fzkH fk

U =

ik‘wuk = fk; (15.111)

For this to be solvable fo = 0 (i.e., f averaged over T™ is zero. Therefore, the
general solution to (15.108) is given be

J=u+ Y - fk e, (15.112)
kER™\ {o}

Thus, if the average of u over T" vanishes (i.e., ug = 0), the solution to (15.108)
is formally unique.

15.32 Well-definedness of D_': convergence of formal solution
We assume that the real analytic function on T is analytic in a ‘strip” T¢"
containing the real axis:

T = {0 € C"|[Imfy] < £}/(272)" (15.113)

If f is analytic on T¢', then

|fil < 1 lle e, (15.114)
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where || f|| is the max of [f on T{. Its demonstration is in 15.33.
Now, we assume the Diophantine condition

|kw| > alk|. (15.115)

Then,
< a7 flle” ™|k (15.116)

| = | L=
g wk
Using this estimate the maximal convergence of u is shown.

15.33 Cauchy estimate of | fy|

fi =

(Zi)n /T _df f(0)e™ 0 (15.117)

The integration path may be shifted to the imaginary direction so that jth
component is shifted by i€sgn(k;) (6; — 6, +i€sgn(k;)). Then, ik — ikf—E|k|
(we stick to the Hadamard notation).

fe = <2i)n /Tndef(e)e—i’“@ (15.118)
= # /T dOf(0; + i€sgn(k;))e OS] (15.119)
= <2i)n / ] do £(0; + icsgn(k;))e *0Ek, (15.120)
Therefore,
Ifs] = e S @/T do (0, + icsgn(k;))e ™" (15.121)
< e—swﬁ/ﬂ do | f(6; + i&sgn(k;))e ™| (15.122)
< e—ﬂ'f'@%n | asnri= s (15.123)
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