27 Cylinder Functions

Separation of variables of the Laplace equation in the cylin-
drical coordinates requires Bessel and modified Bessel func-
tions, which may perhaps be the most representative special
functions. Bessel and Neumann functions make a funda-
mental system for the radial part of the separated equation
called the Bessel equation. Classical results about Bessel
and Neumann functions are summarized such as orthonor-
mal relations (Fourier-Bessel-Dini expansion), generating
functions, integrals containing Bessel functions. Bessel func-
tions with half odd integer parameter (or their streamlined
version: spherical Bessel functions) are required to solve the
Helmbholtz equation in the spherical coordinates.

Key words: Bessel equation, Bessel function, Bessel’s in-
tegral, generating function, recurrence relations, cylinder
functions, zeros of Bessel functions, Neumann function, Han-
kel function, Fourier-Bessel-Dini expansion, Modified Bessel
function, spherical Bessel function, partial wave expansion.

Summary:

(1) The Laplace equation in the cylindrical coordinates requires Bessel
and Neumann functions (27A.1, 27A.2, 27A.16). Pay attention to
the general shapes of these functions (27A.4, 27A.16).

(2) Bessel functions make an orthonormal eigenfunction set for the ra-
dial part of the Laplacian (27A.21-22).

(3) The Helmholtz equation in the spherical cooridnates requires spher-
ical Bessel functions (27A.25-26).

(4) Many second order linear ODE can be solved in terms of cylinder
functions (27A.28).

27.A General Theory

27A.1 Bessel’s equation. In terms of z = ar, the equation (23.17)
(—23.9(1)) becomes

d*v  1ldu m?>
it —— Ju=0. 27.1
d22+zdz+(1 z2>u 0 (27.1)
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z = 0 is a regular singular point (—24B.2(1)), and z = oo is an irreg-
ular singular point (—24B.2(2)).%%®

27A.2 Series solution to Bessel’s equation around z = 0. The
indicial equation (24.24) (—24B.4) is ¢(u) = u2 — m? = 0. Choose
p=m,a; =0,a =1/2"T(m+ 1) and follow 24B.3. We get

Im(2) = (%)m > k!I‘(fr(n——fl-)I]: 1) (S)Zk' (27.2)

k=0

This is called the Bessel function of order m (of the first kind). If
p1 — f2 = 2m is not an integer (—24B.6[1]), then J_,, is a partner
(—24A.13) of J,, in a fundamental system of solutions (—24A.11) of
(27.1). If m is a half odd integer, then J,, and J_,, are still function-
ally independent (that is, this is the case with no logarithmic term in
24B.7[22)).

If m is a positive integer, then J,, and J_, are not functionally

independent:
I = (=1)"J_pn. (27.3)

This can be demonstrated from (27.2) with the aid of I'(—m +k+1) =
oo for k < m (—9.1 or 27A.7). In this case we need a different part-
ner: Neumann functions (—27A.15).

Exercise.

(A)
(1) Show that

(—1)* z\m+2k  p\m (=1)* 22k 1, 1
KT (m + k+ 1) G =G Tm+ 12T e \" T3k +3 )
(27.4)
(2) With the aid of the integral expression of the Beta function (9.22), show that
formally3°®

N\ M 1
Im(z) = P(1/2)F(1m+ 733 (%) /0 tmTY2(1 — )72 cos[2(1 — )Y/ 3dt (27.5)
form+1/2 > 0.

(3) Now, changing the integration variable as ¢t = sin® 8, this formula can be rewrit-
ten as

Im(2) = : (£)" ) 6)sin?™6d8 27.6

() = T m 3 1/2) \2 | cos(z cos@)sin . (27.6)

Notice that the integration from 0 to #/2 and from 7 /2 to 7 are identical in this
/2

case, SO fow can be replaced by 2 . This formula is called Poisson’s integral

0

358 Therefore, the Bessel function is a special function of confluent type (—23.5).
359The exchange of the order of summation and integration can be justified.
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representation.
(4) If 1 — t = 2® is introduced, then (27.5) can be rewritten as

— 1 i m . m—l/Zei:x T
In(3) = S 17D (2) L(l 2) dv.  (21.7)

(B) Demonstrate the following Whittaker’s integral representation

Jng1/2(2) = (—i)"\/;lz/_l €** Py (z)dz. (27.8)

Here P, is the Legendre polynomial.
(C) Show

sin z

/2
/ Jo(z cos @) cos8df = (27.9)
0

[Hint. Use the integral of cos™ 6.]

27A.3 Definition. The Bessel function of order v can also be de-
fined by .

= — [ ity gy 27.10

IZ) =5 /cez ’ (27.10)

where C can be a unit circle centered at the origin, and v any real
number. Obviously,

Jo(0) =1, J.(0) = 0 for positive integer n. (27.11)

For integer v this definition and the result in 27A.1 are identical as
seen in 27A .4.

Discussion: Where did the Bessel functions appear first?
The position of the earth (z,y) on the rotation plane can be written as

z=alcosp—¢€), y=av1—e2sing, (27.12)

where e is eccentricity, @ the long radius, and ¢ the excentric angle measured from
the perihelion, and
¢ — esin ¢ = vt, (27.13)

where t is the time since the earth passed the perihelion, and v is the average angular
velocity. Hence, if we can write down ¢ as a function of ¢, then we can explicitly
obtain x(t) and y(t). Consider

dé 1

vt 1—ecoso’ (27.14)

which is an even periodic function of vt. Hence, we can Fourier-expand it as

Ll

=1+ Y ancosnot. (27.15)

n=1

383



The coefficient can be computed as

ap = %(1 — ecos )~ ! cos nutd(vt), (27.16)
2 T
= ;/ cos[n{o — e cos ¢)|d¢. (27.17)
0
Comparing this with the generating equation in 27A.5, we obtain
an = 2J,(ne) (27.18)
Exercise.
Demonstrate _
Jn(2) = — 7% cosnfde. (27.19)
0

27TA.4 Series expansion. With the change of variables from ¢ to
u = tz/2, we rewrite the RHS of (27.10) as

1 /z\" 24, 1 (2\" & (-1)™ rz\™
Il adl YR u—z?/4u —(V+1)d, - (_) <__) / u, ~(v+m+1)
omi (2) /'e u v=5503) L (5) e du.

m=0
(27.20)
The integral can be computed with the residue theorem (—8B.2) as

so= () S (.

o (v+m+1)

which is in agreement with (27.2). The series is convergent on the whole
complex plane. Due to the factor (—1)™ it is clear that J, cannot have
any pure imaginary zero. From the formula, near the origin

Ju(z) ~ 2" (27.22)
J ()
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Exercise.
(This problem need not be here.) Demonstrate
1
/ T (2)dt = Tnea (1), (27.23)
0

27A.5 Generating function.

La(e-
ez*

u'l—l

= Z Jn(2)t" (27.24)

n=—o0

This is from (27.10). This equation implies that J, for integer n is the
coefficients of the Laurent expansion (—8A.11(2)) of exp[z(t —¢~1)/2]
around t = 0. -

27A.6 Bessel’s integral. Replacing ¢ in (27.10) with €%, we have
Bessel’s integral

1 T
Ju(2) = ;/0 cos(nf — zsin 6)d6. (27.25)
Exercise.
Show
1 2 izsiné
Jo(@) =52 [ et oas. (27.26)

27TA.T J_,(2) = (—1)"J,(z). This can be obtained by replacing
with 7 — 6 in (27.25). (We have already shown this in 27A.2.)

27A.8 Sine of sine — Bessel functions.
sin(zsin ) = 2J1(z)sin 6 + 2J3(2) sin 36 + 2J5(z) sin 56 + - - - . (27.27)
To show this rewrite (27.24) with the aid of 27A.7 as
e (-1 = Jy(2) + Z Jn(2)" + (=)™ 7" (27.28)
n=1
Now replace t with e*?, and we get

e *5100 = Ji(z) + 2iJy(2)sin @ + 2J2(z) cos 20 + 2iJ3(z)sin30 + -+, (27.29)
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Splitting this into real and imaginary part, we get (27.27) and
cos(zsin@) = Jo(z) + 2J9(z) cos 20 + 2J4(z) cos 46 + - - - .. (27.30)

Thus, when sine appears inside a trigonometric function, recall J,.

27A.9 Recurrence relations. Differentiating (27.24) with respect
to z and comparing the coeflicients of the power of ¢, we get

2‘]7,72(2) - Jm_l(z) - Jm+1(z). (2731)
In particular, with the aid of 27A.7 we have
Jo(2) = = Ji(2) (27.32)

If we differentiate (27.24) with respect to ¢ and then compare the coef-
ficients of t", we get

2m

—Z—Jm(z) = Jm_l(Z) + Jm+1(z). (2733)

27A.10 Cylinder function. Any function f(z,v) satisfying the fol-
lowing relations is called a cylinder function:

fzv =1+ fzv+1) = 22f(zv) (27.34)

flz,v—=1) = f(z,v+1) = Q%f(z,l/). (27.35)

(27.31) and (27.33) thus imply that Bessel functions are cylinder func-
tions.

Exercise.
(1) These relations can be rewritten as

d v 14
E[z J(2)] = 2VJ,-1(2), {27.36)
d —-v —v
a—;[z J,,(Z)] = =z J,,+1(Z). (2737)
(2) Derive
2T n(2) = (=)™ 1d m[z"’ ]- (27.38)
zdz v '
Similarly, we can obtain
v—m — 1 d " v
z v—m(2) = (ZE) B (27.39)
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(3) Integral related to the Fraunhofer diffraction through a circular aperture:
e ibrcos 8 2ma
J= e dfrdr = TJl (ab). (27.40)
o Jo

[Hint. Use 27A.6 and 27A.10.]

27A.11 Zeros of Bessel functions.

1) There are infinitely many zeros of J,(z).

2) All the zeros of J, for n > —1 are real and of multiplicity one except
z=0.

3) z7"J,(z) has no zero of multiplicity larger than one.

4) The zeros of J,(z) separate the zeros of J,11(2).

[Demo] From the Bessel equation (27.1) by scaling with a constant o we get

d*Jn(az)  1dJ.(az) , n? N
Hence,
1d dJ, dJ,
14 {z d(ZaZ) Tn(B2) — Z%Jn(az)} = (82 — 02)Jn(@2)Ta(82), (27.42)

where 3 is another constant. Multiplying z and integrationg (27.42) gives

dJ,(az)

(8% — a?) /Ob zJ,(az)J.(Bz)dr = [m—-—]n(ﬂx) -

dJ.(8z) b
dl‘ r— .

o JIn (am)] i
(27.43)
Since J,(z) is of order z™ near x = 0 (—(27.22)), if » > —1, the contribution
from = = 0 of the RHS of (27.43) vanishes. Choose « to satisfy J,,(ab) = 0, and set
B = @. Then J,(8b) = 0 since all the coefficients in (27.21) are real (J,(z) = J,(Z)).
For these choices, the RHS of (27.43) is zero, so we have

b
(8% - oﬂ)/0 z|Jn(az)?dz = 0. (27.44)

This implies 8% = a?, that is @ = @, since there is no pure imaginary zeros (—27.4).
That is, the zeros of J,, are all real if n > —1.

The multiplicity of the zeros is known from the general property of the fun-
damental system (—24A.12). At z = 0 the coefficient function is not C!, so this
argument is not applicable to z = 0. Thus (2) and (3) have been demonstrated.
Bessel’s equation can be rewritten as

d*U -

W%—HU:O (27.45)
with U(z) = J,/+/z and H(z) = 1+ (1/4 — n?)/z%. Let = € R be sufficiently large
to make H(z) > 0. Suppose U > 0. Then, irrespective of the sign of dU/dx (27.45)
tells d2U/dz? < 0. Hence, as long as U > 0, dU/dx decreases with the increase of z.
This continues until U = 0, but there dU/dx < 0 so U becomes eventually U < 0.
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This argument can be continued indefinitely. Thus, there must be infinitely many
zeros for Jp,. This is (1). (4) follows from

d
—(z¥J,) = £2 T, (27.46)
dz

which can be derived from the nature of J, as cylinder functions (—27A.10).

27A.12 Proposition. For z € R

|[Jo(z)] < 1 (27.47)

|[Ju(z)] < 1/V2 forn=1,2,---. (27.48)
The first inequality follows from (27.25). The second inequality follows
from the Gegenbauer-Neumann formula (—27A.14. Expand the LHS
and compare it with the RHS. cf. 27A.15(2).).

27A.13 Addition theorem.

Jn(z +y) = _f_oj Tnes(T)Ts(Y)s (27.49)
= io Ts(%)Jn—s(y) + 2(_)S[J3(x)Jn+s(y) + Jnts(2) Js(y)].
(27.50)

This follows from the generating function (27.24):

Z Jn(x + thn — e(l‘+y)(t—1/i)/2 — Z Jn(x)t" Z Jn(y)t"

) - - (27.51)
27A.14 Gegenbauer-Neumann formula.
Jo(\/R2+2RTcos7+r2) = Jo(R Z " Jm(R) (1) cos my,

JO(\/R2 —2Rrcosy +r?) = Jy(R)Jo(r)+2 Z (R)J (1) cosmry.

(27.52)

[Demo] The second formula can be obtained from the first by r — —r and 27A.7.
With the aid of the generating function 27A..5, we obtain

Z A T (@)t —exp{Qt ( - ;)} AT (27.53)

n=—oc n=-—o0c
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Setting A = e, this equation becomes

oo xR
S Talea)tr = emliz/0eind N oind g ()i, (27.54)

n=-—o0 n=-—20

Following the demonstration of the addition theorem 27A.13, we obtain

n=—0o0 n—=——0oo n=—oc

‘ (27.55)
Let z, y, # and ¢ be real and ze’? + yei¥ be real. Then, zsinf + ysingp = 0.
Compare the coefficients of t°:

Jo(x cos@ + ycosg) = z emO=2) J (2)J_m(y) (27.56)

m=—o

Notice that if the imaginary part of Rei® + re'® vanishes, we can write

VR? + 2Rr cosy + 2 = Re'? 4 re'? (27.57)

with v = 6 — . This concludes the proof. See 27A.2.

Exercise.
Show LT
Jo(2)Tn(Z') = _7;/ Jo(V/z% + 22 — 222/ cos 8) cos nBdf (27.58)
0
forn=0,1,2,---..

27A.15 Integrals containing Bessel functions.
(1) From Bessel’s integral 27A.6 fora > 0 and b > 0

o 1
/ =% Jo(bz)dz = (27.59)

0 Vaz +52
Especially f5° Jo(bz)dz = 1/b. Replacing a in (27.59) with ia we get
(b > a assumed)

1
JE—a

Differentiating these equations w.r.t. a, we compute similar integrals
with insertions of powers of . With the aid of (27.32) and integration
by parts, we obtain

/oo Jo(bz) cosaxdx = (27.60)
0

b

CEYEIE (27.61)

/oo " Ji(bzx)zdz =
0

389

oo 0 o
Z Jn(eiﬂw_*_eicpy)tn — e—(i/t)(xsin9+y5in<p) I: Z einaJn(w)tnd |: Z ein‘FJn(y)t

|



(2) From the Gegenbauer-Neumann formula 27A.14 with the aid of
the orthogonality of {cosny} we obtain (—17.16 with [ = )

7lr /oo Jg(x\/R2 — 2Rrcosy + r2) cosnydy = J,(Rz)J,(rz). (27.62)
0

From this and (27.59), we get

dy.  (27.63)

27 1 = COS 7Y
Jo(Rzx)J, dr = —
/0 (Ra)Jn(re)dz T /0 VR? —2Rrcosy + 12

Notice that this formula contains the generating function for the Leg-
endre polynomials (—21A.9), so that expansion in terms of r/R can
be calculated with the aid of P,(cos~).

(3) [Weber’s integral] Expanding J,(bz) as in 27A.2 and termwise in-
tegration (—19.11) give for a > 0, b > 0 and for Rev > —1

0 _a?e? v b a?
| e R br)a = e (27.64)

(4) [Lommel’s integral]

z z
/0 Tlew) T (fryeds = T {adu(fa)ualos) - Bl (0x) Ty (Ba)}
(27.65)
= ﬂz {BJn(az)Jy-1(Bz) — aJn(Bz)Jpy1(az)} .
(27.66)
This follows from (27.43) and recurrence relations (—27A.9).
Exercise.
Show
2 [ cosxt
Jo(z) == [ 22 4. (27.67)

T Jo 1-—t2
27A.16 Neumann function of order m. When m € N\{0}, we may

use the general theory or the procedure in 24B.7[22], but traditionally,
the following partner is chosen:

Ni(2) = [Im(2) cosmm — J_,,(2)]/ sinmr, (27.68)

which is called the Neumann function of order m. For non-integer m
(27.68) is well defined and obviously a partner of J, in 24B.1. If
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m € N, (27.68) becomes 0/0, so we interpret the formula with the aid
of ’'Hospital’s rule:3¢

Nn(z) = ;1; ajﬁn;r(:) - (—-1)’"8‘]5—:%(” form ¢ N\ {0}. (27.69)

The general solution of Bessel’s equation (27.1) is given by
AJn(2) + BNy (2). (27.70)

Notice that Neumann functions are cylinder functions as easily explic-
itly checked (—27A.10).

Exercise.
Demonstrate that

W(J,(z), N, (z)) = % (27.71)

27A.17 N,(z) is singular at 2z = 0. This follows from explicit for-
mulas in the z — 0 limit (see the footnote of the previous entry):

No(2) ~ (2/m) In(z/2), (27.72)
No.(2) ~ —(n-1)Yz/2)/mforn=1,2,---. (27.73)
M@ T T T T T T I T T T T T
0.5 I {N ( I%x) Nl I ‘.lxl [(x] l!él) 'l:z)
4 ) X N, N
o NANANTZN .
L& / D, N
S AN
13 %"\‘\?g No;__V:x) () A:x).N‘(‘
~05H—f
7
i
f !
1% 3 4 5 3 10 11 12

360Tf we explicitly compute (27.69), we get

2, a1 (m—k = 1) gy omeak Y+ 1) +P(m+k+1)
Nm(Z) = ;Jm(fv)ln (-2-)—;1‘— a —L' ( ) Z k' m+k)’

where ¥(z) = I'(z)/T'(z). Thus this form is in conformity with the general theory
24B.7[22).
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27A.18 Lommels’ formula. Since J, and N, make a fundamental
system of Bessel’s equation (—27A.16 and 24A.4), their Wronskian
(—24A.6) W must satisfy 24A.13, i.e.,

Wo

z

W(z) = Woe™ 0 = (27.74)

To calculate Wy we may use lim,_,qg zW(z) = Wy. If v is not an integer,
J, and J_, make a fundamental system (—27A.2), so

2sinvr

lim 2W (J,(2), J_o(2)) = i alJy ()L, (2) = Ty (2)] (@) = =2
(27.75)
where we have used the formula of complementary arguments for the
Gamma function 9.5. Thus, we obtain

W(J(2), I (z)) = —QS;nx”. (27.76)

The result is correct even if v is an integer due to continuity. With the
aid of this formula and the definition of N, in 27A.16, we obtain

2
W(J,(z), No(2)) = —. (27.77)
T
This is called Lommel’s formula.
Exercise.
Show
(1) )
TaNair = JusaNo = =—. (27.78)
(2) o
T it + Jondn_i = S;:‘T"”. (27.79)

27A.19 Bessel function with half odd integer parameters (See
spherical Bessel functions in 27A.25). The Bessel and Neumann func-
tions with half odd integer parameters can be written in terms of ele-
mentary functions:

2sin z 2 cos z

J1/2(2) = ;—ﬁ, J—l/Q(Z) = —7? \/E

(27.80)
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Jsp = 2 (ﬂrﬁ — cos z) , (27.81)

zZT z

/2 [2 .
Nipp(z) = - ;cos z, N_yp(z) = %sm z, (27.82)
Nap(z) = 1,/% (sinz + Cojz) . (27.83)

Exercise.
Derive s I
m 2/1 i
Jmr1/2 = (“1)sz (;3‘;) (Sn;z> : (27.84)
27A.20 Hankel functions. Hankel functions are defined as follows:
HV(z2) = Ju(2)+iNy(2), (27.85)
H?(z) = Juz)—iN,(2). (27.86)

H®M and H® make a fundamental system of solutions (—24A.11) for
the Bessel equation (—27A.1).

Exercise.
Show

4
HP (2)H Y, (2) - HY (2)HE) (z) = —. (27.87)

27A.21 Orthonormal basis in terms of Bessel functions. The
set of kets |7, ) defined as follows is an orthonormal basis (—20.10) of
Ly([0,a],z) (—20.19)

V2

— Y 5 (Wz/a), 27.88
™) (ri"z/a) (27.88)

(iL'li, V> =

where ) is the i-th zero of J,(z) (—27A.11). That {|i,2)} is a
basis follows from the corresponding eigenvalue problem and the gen-
eral theory (—36.3). That this is normalized (orthogonality follows
from the general theory) is seen with the aid of Lommel’s integral
(—27A.15(4)). Using ’'Hospital’s rule, we take the o — g limit to
obtain

@ 2
/ zJ,(rVz/a)ds = %[J’V(rﬁ”))]z. (27.89)
0

This can be further transformed into the desired result with the aid of
a recurrence relation in 27A.9.
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The corresponding decomposition of unit operator 1 = Y52, |, v)(i, V|
(20.15) implies (cf. 20.26 for the delta function with a weight)

He o i — ( )]ZJ(TE")x/a)Jy(rﬁ”)y/a). (27.90)

27A.22 Fourier-Bessel-Dini expansion. f € L?([0,a],z) (—20.19)
can be expanded as

= i Crndy (T /a), (27.91)
where
™ el T2 2(T<u))]2 /0 " f@)J(rz/a)edz. (27.92)
v+1NT

Notice that this is nothing but a standard generalized Fourier expansion
with a special choice of the orthonormal basis. Hence the analogues of
three key facts (—17.8) holds.

27A.23 Modified Bessel functions. In terms of z = ar, the equa-
tion (23.37) becomes (—23.9(3))

Py 1du m?

= 0 is a regular singular point (—24B.2(1)), and z = oo is an
irregular singular point (—24B.2(2)). If z in (27.1) is replaced with iz,
we get this equation. Hence, J,,,(iz) and N,,(¢z) are solutions. However,
with a suitable phase factor the following set is usually chosen as a
fundamental system of solutions (—24A.11)

In(z) = PR (2) =Y —

z 2n+m
( ) . (27.94)
!l n+m—|—l)

T ]~m(2 -1, (Z) T emm/2J (’LZ) _ e_mTri/QJ,,l(iz)
2 sinmm ) sinmm )

(27.95)

I and K are called modified Bessel functions. They are not cylinder
functions.
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Exercise.
(1) Show the leading singularities:
Ko(z)=-lnz—-~v+In2+-.-, (27.96)
Kp(z)=2"Yn-1lz " +.... (27.97)
(2) Demonstrate
coshz = I(z) +2 Y _ Irn(2). (27.98)
n=1
(3) The solution to
u -2u=0 (27.99)

is called Airy functions. They become useful to study asymptotic behaviors of the
Bessel functions for large |z| and |v|. We can easily find a fundamental system for
this equation, looking at the table in 27A.28:

. 1 s2\1/2 . 253/2 z1/2 273/2 223/2

U1 Ai(z) = p (5) K3 (T) =3 [I—l/s (T) SV ( 3 )]
) 1/2 2 3/2 2,3/2

up = Bi(z)= 33— [I_1/3 ( z3 ) + 13 ( z3 )] . (27.100)

Ai (resp., Bi) is called the Airy function of the first (resp., second) kind.

27A.24 Helmholtz equation. For the equation of the type L% =
Ay, where L, is a differential operator with respect to time, the sepa-
ration of variables gives us the Helmholtz equation

Ay = =K%, (27.101)

where — is explicitly written, because the Laplacian is a non-positive
operator. The separation of variables in the spherical coordinates 9 =
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R(r)Y (0, p) gives

L0 e o LT N y0 0= —ee+1)Y(0,p), (27.102)
096 20 T a2, 4 14 ‘

and
_TrR(T) = (__,g2 + w) R(r). (27.103)

(27.102) with the periodic boundary condition on the sphere gives
eigenfunctions Y;"(6,¢) (—26A.8) (/=10,1,2,--- and m = —¢, —{ +

1,.--,—1,0,1,---,£ for each £). We may assume
o0 £
Y= 3 Rin(r)Y{"(0, ). (27.104)
=0 m=—~¢

Here Ry, obeys (27.103).

27A.25 Spherical Bessel functions. Introducing v = 1/krR(r) and
z = Kkr, (27.103) becomes

Pu  1du (e+1/2)?
- - 1 - —r7 = (). 27.1
dz2+zdz+( e u=0 (27.105)

This is Bessel’s equation (27.1) with m = ¢ 4+ 1/2. Therefore, the
fundamental system of solutions for (27.103) consists of Joy1/2(k7)/+/KT

and Nyi1/267)/+/kr. Thus the following spherical Bessel function j, and
spherical Neumann function n, are defined:

Z)E\/gjﬂ+l/2(z)a W(Z)E\/gf\’éﬂ/z(z)' (27.106)

The general solution to (27.103) is given by
Aje(z) + Bng(z). (27.107)

The spherical Hankel function is also defined analogously

W (z ,/ H{if}z (27.108)

Exercise.
(1) Demonstrate

(27.109)



with the aid of the series expansion of the Bessel function. Also demonstrate

Cos T

no(2) = = (27.110)

(2) Show
Jn(a) = (-1)"2" G%)n (%) . (27.111)

(3) Show
Ja(@)n(@) = ju(@)na(e) = 5. (27.112)

T

27A.26 Orthonormal basis in terms of spherical Bessel func-
tions. There is nothing new in the present case, since we know the
corresponding result for the Bessel function (—27A.17). Therefore,

{\/—%jl zp(l))'jl(Pil)T/a)} : (27.113)
+1(p;

t =1

0 _

where p; r§l+l/2) is the zeros of Jy11/2 (—27A.11), is an orthonormal

basis of Ls([0, a],7?) (—20.19). For example, the decomposition of unit
operator reads (cf. 20.27)

fz—y) &2 1 ") [y
=2 z))zjl( an\ = (27.114)

< =1 @ G4 (! @

27A.27 Partial wave expansion of plane wave.

o

gikrcost _ Z(Ql + D)i'5i(kr)Py(cos 6). (27.115)
1=0

[Demo] ei*T satisfies the Helmholtz equation (A+k2)u(r) = 0 (—27A.24). Hence,
we may assume

o
e#reos? = N " ciji(kr)Pycosb). (27.116)
=0
Therefore, the problem is to determine the coefficients ¢;. With the aid of the
orthogonality of the Legendre polynomial (—21A.5), we obtain

dze* ™ Py(2). (27.117)

. 2041 !
cji(kr) = ——

< Ja

To evaluate the integral, integrate it by parts and ignore o[1/r]. We have

1 1
; 1, a4 ; 2t l
/_1 dzei*™® Py(2) ~ %[e"” —(=)le " = Ez;sm (kr - 77{) . (27.118)

Comparing this with the asymptotic formula for r — oo, we arrive at ¢; = (21 + 1)¢t.
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27A.28 ODE solvable in terms of Cylinder functions. Many
second order linear ODE can be solved in terms of cylinder functions.

See the table.
u"+—:-u'+(1—:—;)u=0
u"+—:—a’+(8’—:—i)u=0
u”+%u’+[(ﬂ7z"")’"(g)z]“=0

- 2 p?
uu+£_2au'+(51+a z’v )u=0

" avi-1\ _ EOBRHERD

u +(b'z— ey )u—O amliz HRE

u"+‘"2"‘u'+[(ﬁyzv-l)2+ "'2"1'7 4=0
z z

(HSER)
crabfha ()]

u” +27Va" + Beleu =9
@’ +(Bele + (1/(42%)) Ju=0

2
u”+—£u’_t(|'$'—z)u=0
z z

w’ +azru=0

u’ +{(e2—-y)u=0
uw’ + (22 ~»?)z4u=0

u"+( +2t)u—(—- —~) u=0

u”’ +u - 4'; ,lu—O
’+(2"+1—a)u'—“(2;+1)u=-0
z

u"-l-(1 2“?2,31;:7 l)
z
2 22
+[E L w -2 |u=0
u"+(l-—2tanz)u’—-(—2+tanz)u =0
z 22z

u"+(i—2¢)u’+(1-i+¢*—¢’—%)u=0

)

[ =YY e

- 153
LA S
+[<¢(z))2+i-ﬂ]("’(’ }u 0

u’+ (-1— +2cot z)
z

Y(z)
v ¥ (z) - Viz) u
v ea-n gy )]

+Ia-—ﬂ+(¢(z))2]("’ )y

¥(2)

Z(z)
Z,(82)
Z/(B=7)
z2Z,(Bz)
vz 2.(Bz)
z2Z,(Bz7)
Z,(iz)
Z,(etxiz)

Z,(2%Nz)

ZNBetarz)
Vz Zy(V Belarzz)

iz (BE)

Z,(e?)
2Z,(el/?)

etlzZ,(2)
J?e—mz.(‘-'f)
z=rex2Z, (uz!z)

2%e+1827Z,(8z7)

L 7.(2)

cosz

Zo(2)

sinz

exp(f'#dz) Z.(z)

Y(z)
\/W Zo(¥(2))

\/""’W”z (¥(2))

W (2))* Z:(¥(2))

( fom ZHBET)
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Exercise.
Find the general solution to the following ODE

2
3——? + (% + sinh? 2 — %(tanh2 z 4 coth? z)) u=0. (27.119)
z

27.B Applications to Solving PDE

(1) A circular membrane of radius a is applied a uniform force bsin wt
over the membrane. Find the forced oscillation.3¢!

(2)3%2 Consider a disc of radius a whose center is located at the origin
in the zy-plane. The boundary is maintained at T' = 0, and the initial
temperature is given by

22 4 42
T(z,y,0)=Tp |1 — . . (27.120)
Assume that the thermal diffusivity is k. Find T'(z, y,t). The solution is
given in the form of Fourier-Bessel-Dini expansion (—27A.22). Com-
pute the expansion coefficients explicitly with the aid of the following

formula

T2 Y ) 2T(v+1
/0 dgsin*t! ¢ cos®t! ¢J,(zsin¢) = %Jy.{_y.{_l(.?).
(27.121)
(3) Circular wave guide: The equation for ¢ = B, reads
(Ap+ k) =0 (27.122)

on T = a with the boundary condition ¢ = 0. The field can be separated
as

é(r, o) = B(r)e™?, (27.123)
where m € Z due to the univalency of the field. B(r) obeys
d’B 1dB m?
it it - |B=0. .
dr? * r dr + ( 7"2) 0 (27.124)

Therefore, B = J,,(kr) is the eigenfunction.

3611,5U82.
3621,138.
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